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1. NONLINEAR REGRESSION

Suppose that
E(Y|X = z) = m(z;6p)

where m is a known function. Let e = Y — m(X;6p). To use maximum
likelihood we would need to specify the distribution of e| X = z up to a finite
set of parameters. Suppose that we are primarily interested in the parameter
By. This suffices to evaluate average marginal effects, for example. In that
case we may want to devise an estimator of ¢, that only relies on the fact
that

E(e|lX =2)=E(Y —m(X;00)|X =2)=0 (a.s.), (1.1)

that is, on the correct specification of the conditional mean function alone.

An example where we did this was the linear regression model,

m(z;0) = 2’6,

where we known that an ordinary least-squares approach gives a consistent
and asymptotically-normal estimator of 6, without strong restrictions on

elX = x.



1.1. NONLINEAR LEAST SQUARES

A natural extension of the ordinary least-squares idea is nonlinear least

squares. The population problem is
. 2
m@mE (Y —m(X;0))7).

and because

E({Y —m(X;0)}*) = E ({(Y —m(X;60)) + (m(X;6) — m(X;0))}")
=E(e?) +E ({m(X; 0o) — m(X; 9)}2)

we know that this problem is minimized at any 6 for which
E ({m(X:6p) —m(X:0)}") =0,

which obviously includes # = 6,. Furthermore, 6, is the unique minimizer if
and only if
P(m(X,0) # m(X,0)) >0

for all 8 # 6. In the linear model this is the no-multicolinearity condition

because, there,
E ((m(X, 0p) — m(X, 9))2) = (0 — 0p)E(XX")(6 — 6p)

and by linear independence o/ E(X X') a > 0 for any o # 0 when E(X X") is
positive definite.

Under differentiability of the function m the first-order condition for the



least-squares problem is

. (8m(X;0)

¥ - m(X;e))) = 0.

Again, in the linear model Om(z;0)/00 = x, and so the moment condition
becomes E(X (Y — X'0)) = 0, which is are least-squares normal equation
from before.

The nonlinear least-squares estimator is then
n
arg nbin 21:(}/; —m(X;;0))%
1=

Using the same type of arguments as for maximum likelihood it should be

easy to see that (under regularity conditions), the estimator, say é, satisfies

~

V(6 — 6o) ~ N(Vp)

for

-1 -1
_ Om(X;00) Om(X;00) om(X;6p) Om(X;0p) 2 om(X;6p) Om(X;60)
%_E( 800 89’0> E( 800 69/06>E( 690 80’0)

as n — 0o0. An estimator of the asymptotic variance follows in the usual way.

1.2. GENERALIZED METHOD OF MOMENTS

Nonlinear least squares is not the only estimator that can be constructed
under (1.1), and it usually will not be the efficient choice either. In fact, by
the law of iterated expectations, (1.1) implies that

E(p(X;00)(Y —m(X;6)) =0



for any (vector) function ¢. For any choice of such function this leads to the

method-of-moment estimator

arg solvey Z o(X3;0) (Yi —m(X;;0)) =0
i=1
when the problem is just identified, or to the generalized method-of-moment

estimator

n / n
arg min <Zl P(Xi:0) (Y — m(X; 9))) w (Zl P(X330) (Y — m(X; 9))) :
for a chosen full-rank weight matrix W, when the problem is overidentified.
We know that the optimal choice for W for a given choice of ¢ is the inverse of
the variance of the moment conditions. However, in the conditional-moment
problem (1.1) there are also many possible choices for ¢. We discuss this

next.

1.3. GENERALIZED LEAST SQUARES

It turns out that the optimal choice for ¢ is

_Om(z;6) 1

p(x;0) = 0 o)

where 0?(x) = E(e?*|X = z). Note that this returns a just-identified system.

The estimating equation becomes

=0.

. om(Xy;0) (Y; —m(X;;0))
Z 00 o?(X;)

=1



Furthermore (up to the factor —2), this is the first-order condition of the

minimization problem

which is generalized nonlinear least squares.
If the function o%(z) is known the asymptotic distribution of the feasible
estimator follows from the arguments above. In this case the asymptotic

variance becomes

Om(X;60)) 1 m(X:60)\ "
]E( 2  o*(X) 0¢ ) ’

Note how this no longer has a sandwich structure. Under homoskedasticity

it simplifies to

Om(X:0y) Om(X;6,)\
2 ) )
’ E( 90 o0 '

This is the direct nonlinear counterpart to the optimality result for ordinary
least squares; indeed, when m(z;0) = 2’6 we have Om(z;6)/00 = z and so

the variance reduces to

FEXX)

1.4. EXAMPLE: EXPONENTIAL REGRESSION

For count data popular conditional distributions are the poisson distribution
and the negative-binomial distribution. The conditional mean is usually

modelled as

m(z;0) = e,

This type of conditional mean is also popular for more general non-negative

outcomes, such as quantities, and appears in the estimation of trade flows and



production functions, for example. As such variables are continuous, there,
the poisson and negative binomial are not suitable candidates to construct a

likelihood.

The nonlinear least-squares estimator solves
n
X0 X0
E X;et?(Y; —e™i”) = 0.
i=1

The optimal moment condition depends on the conditional variance. The
poisson distribution, for example, has the property that its mean is equal to
its variance, i.e., 0?(x) = ¢”?. The maximum-likelihood score for the poisson

problem is thus
> Xi(Y; - M) =0,
i=1

and corresponds to the optimal moment equation as long as both the mean
and variance are equal to e”?. In this sense, the estimating equation has a
certain robustness property similar to the maximume-likelihood estimator of
the regression slopes in the classical linear regression model. On the other
hand, for nonlinear least squares to be optimal in this context we would need

that o?(x) does not depend on .

2. GENERAL MOMENT PROBLEMS

2.1. EXAMPLE

Consider the following simplified version of a CAPM. The problem is to

choose an (infinite) consumption stream {¢;} in order to maximize expected

[’L> )

discounted utility stream,

“

Ofg u(Civn, 50)
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where [; is the information set at time period . Here, u is a chosen utility
function parametrized by [y, ag is the discount rate, and we aim to learn
0o = (ap, By). The risk free return is r (taken to be constant over time here).
To estimate #y we need to obtain estimating equations. One way of doing so
is by exploiting the fact that, at the optimum, we must have that the Euler
equation

; Oulci, Bo) it ou(cit1, Bo) .

0 oc 0 oc
holds. The intuition of this equation is the following. At the optimum
one must be indifferent between consuming a small amount in period ¢ and
guarding the amount for one additional period before consuming it then.

These are the left- and right-hand sides of the above equation, respectively.

Hence,

du(ci+1,80)/ge
B (T Y0 dueib)oe

holds true.

2.2. GENERAL CASE

The example illustrates that an economic model will usually imply certain
moment conditions that can be used to estimate the underlying parameters.

The generic formulation is that

where the (vector-valued) random variable V' can be comprised of outcomes,

regressors, and instruments, i.e, V = (Y, X, Z).

Let



be the Jacobian matrix. Then the GMM estimator based on our moment
conditions, and using weight matrix W, will (again under suitable regularity

conditions) behave like a normal random variable with asymptotic variance

(GWGEY HGWQWGEGWGE)!

for 2 =E (g(V;65)g(V;60)). The optimal choice for W is still equal to (a
consistent estimator of) 27! which yields asymptotic variance (G271G")~!

and will usually lead to a two-step implementation of the efficient estimator.



